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A theoretical analysis of optical gain and saturation of organic dye lasers is presented. An
analysis based on a solution of the laser rate equations establishes a convenient method of optical
gain measurement by internal fluorescence probing for low-gain systems, such as vapors of
organic dyes. The concomitant limitations of high-gain systems (e.g. organic dyes in liquid
solutions) of small-signal gain due to amplified spontaneous emission (ASE) and problems
associated with gain saturation at high signal inputs are discussed in detail.

1. Introduction

Optical gain studies are essential in the develop-
ment and analysis of new laser systems. Further-
more the determination of laser parameters which
influence the gain characteristics such as excited
state absorption [1, 2] is important in calculations
predicting laser performance. Gain measurements
for cw laser systems are relatively easy using a probe
beam technique, but become more difficult for
pulsed systems on account of synchronization and
signal detection problems [3]. An elegant technique
to overcome these experimental difficulties was
first proposed by Sylfast [4]. This method involves
a comparison of the fluorescence yield of various
lengths of active medium. This method as developed
so far is only applicable to low gain conditions.
However, frequently even amplified spontaneous
emission in the absence of optical cavity feedback
may saturate the optical gain. In gain measure-
ments of electron beam pumped argon-nitrogen
laser mixtures Bhaumik [5] observed such satura-
tion behaviour. In this paper we address ourselves
first to a derivation of optical gain based upon a
rate equation formulation, establishing a theoretical
derivation for optical gain measurement by internal
fluorescence probing. This general approach allows
us in the second section of this paper to discuss the
problems associated with lowering the small signal
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gain by intense amplification of spontaneous
emission (ASE) for high-gain media. A theoretical
description of gain saturation is included, in
particular in terms of intensity and length of active
medium dependence. Finally we present numerical
data obtained for the example of a rhodamine
6G dye laser transversely pumped by a Ny-laser.

II. Basie Assumptions and Pumping Geometry

To study the amplification of an organic dye in
liquid solution or in the gas phase we chose as
pumping geometry transverse excitation of a
cylindrical volume of length Ly and diameter 27,
with 2r; <€ Lo. After homogeneous excitation by
optical pumping or electron-impact induced colli-
sional pumping [6] the dye molecules decay spon-
taneously with an isotropic distribution of the
emitted fluorescence radiation. The spectral width
is influenced by the concentration-dependent
interaction between fluorescence and reabsorption
[7]. Due to the pencil-like geometry of the active
volume stimulated processes along the cylinder
axis are favored against stimulation in direction of
the excitation source. This behaviour allows us to
approximate the three dimensional processes with
a one dimensional model and a geometrical factor
taking into consideration primarily those stimulated
quanta traveling along the cylinder axis, similar to
the assumptions of Reference [8] and [9]. However,
only part of the radiation penetrating through one
of the end faces of the active volume hits the
detector located in a distance D (cf. Figure 1). This
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Fig. 1. Transverse pumping geometry. I,: incident

excitation intensity, D: position of photodiode (P.D.),
Lg: length of the active medium.

fraction will depend on the spatially varying solid
angle v (x) ~ arctan (2rz/(D — z)).

Let us denote by gi*(x) the probability that a
spontaneously emitted light quantum at point x
penetrates through the right cylinder face:

1) to—% ) 2.1
2( T Ve—mpinz) BV

similar for penetration through the lefthand side:

1 x
g1 (x) = 2(1 e ‘vyx2+r12)-

The probability for hitting the detector will be:

1
g2 (@) =.,(1 e

&

g1t(x) =

(2.2)

III. Rate Equations

The set of rate equations used in this contribution
follows the formulation of Ganiel et al. [8] with
additional consideration of excited state absorption
[1, 2]. We denote with Jit(x,t, A) the spectral
intensity traveling along the - z-direction and
leaving the active volume at the righthand side,
with J1~(a, t, 1) the spectral intensity traveling in
the opposite direction. The fraction Jo*(x,t, 1) is
collected by the detector in the distance D.

1 o B 1
P —Jl 2(w, ¢, l):‘:gx‘th(%t: A) = 91‘,2(1‘)1‘1
E(3) N1+ Jis (2t 2) [Ge(4) N1 — 63,(2) M1

— o0(A) No — 05(2) Ni], (3.1)
0 M
TNl(x,t)=02pNoIp—'i’ (3.2)
1
—}—Nojaal )J1(, t, l)dl—leaeJl x,t, A)dA.
band band

The integrals of Eq. (3.2) denote the influence of
amplified spontaneous emission (ASE) on the
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population of the excited state Si Ny f -+ is the

band
additional pumping source via reabsorption and

— N f depicts stimulated emission via ASE.
band

Even when considering J>*, the spectral intensity
recorded with the fluorescence detector, we assume
that the inversion N; is influenced by the total
ASE-field, described by J; inside the active volume.

0 Ny
*’Nt(x t) = kst N1 — —,

(3.3)
Tt

Niot = No + N1 4 Ny, (3.4)

Ji(x,t, ) =J1t(x, t, 2) +Ji (2,6, A) . (3.5)

The spectral quantum efficiency E (1) is related to
the (total) quantum efficiency @ by
& = [E(2)dA

band

(3.6)
with

E())=8mcT Ge(h) A4, (3.7)

where ¢ is the velocity of light and 7; the fluores-
cence lifetime of S1. For the definition of the other
quantities of equations (3.1)—(3.4) the reader is
referred to Ref.[2] with the exception that &;
corresponds to a wavelength dependent cross
section G; = 04 (4).

To facilitate the mathematical handling of the
equations, an integration over the wavelength 1 is
performed:

Ifs (@, t) = [Jis(a,t, 4)dA. (3.8)

band

By definition of wavelength averaged cross sections
i, the occurring convolution integrals are elimi-
nated :

f(n ) Ea(x,t, A)dA

le’g (w,t,2)dA

0; —

(3.9)

with the assumption of intensity-independent cross
sections ¢; as defined by Equation (3.1).
Equations (3.1) and (3.2) yield:

10 0 1

— 11 o(z, t) i» Iffz(x,t)zgfz(x)——@Nl
c T1
+I1,2 (2, t) F’eNl—Eile—aglNo—E;th],
(3.10)
K M
- lVl(x t) = de IVO Ip -
71
+N00'3111—N10'e11, (3.113.)
11 = 11+ + Il‘. (3.12)
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An additional probe beam of intensity I;* and
wavelength 4y propagating in the --z-direction
may be considered by:

18 2
C "at' Il*(x, t) -+ e; Il‘ (Z, t)

= I*[oe(do) N1 — ol (Z0) N1 (3.12)
— 631 No — a4y (20) N1l ,
0 i »M
o Ni(a,t) = ooy No Iy — o
+ No(@% I + o2y i) (3.11b)

— Ni(oe 11 + oe I17) .

IV. Gain without an External Input Signal (1 = 0)

a) Stationary Solutions
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Equation (4.5) results in a first order differential
equation with constant coefficients:

d
I @) =%+ (@ — ) Io*

= 4.7)
with
% =Ge Ny, (4.8)
B = 53 Niot — [0a;(1 + kst 71)
— ol —cl kst N1,  (4.9)
z=Dgyt Ni7y71 (4.10)

with N; given by (4.6), the definition of the net-
gain (« — f§) follows the notation of Reference [10]
and [11]. Equation (4.9) essentially describes
reabsorption of the stimulated radiation (8 ~ %, No),

Equations (3.3), (3.4), (3.10), and (3.11) yield under stationary conditions (0/0t=0):

’;x‘ Ifs(@) = + gia(@) @ Ny 1! + I o(2) [0a N1 — 00y Niot] (4.1)

M@ = T Notm(ag" L+ o In) o I, (4.2)
L (L + kst Tt) 0 71 Ip + [Ge + (1 + kst 1) 05] 71 11

Ny=ksr 1t N1, (4.3)

Ga = Oe — Oy; — Ou; kst Tt + 09y (1 + kst 71) (4.4)

Ga = Oet + 00;(1 + ks 71) . (4.4a)

The mathematical procedure will be to solve first
(4.1) and (4.2) for I;*(z) and determine Nj(z).
Another integration of (4.1) yields the unknown
quantity Is* ().

b) Closed-form Solutions

In general the set of Eqs. (4.1)—(4.4) cannot be
solved in closed form. However, there exists the
interesting approximation of neglecting I; in
Equation (4.2). This means that we allow ASE to
be generated under the restriction of an intensity-
independent inversion N; with N; == N; ().

d
— Iyt (x) = got () D Ny 1171

o I (4.5)

+ Iz*(2) [6a N1 — 03 Ntot] ,

] 0
Niot 0ap 71 Iy

N, (4.6)

T+ (Lt Tily
For D> Ly and 27y € D, g2*(x) can be considered
independent from z:

D = Eol2

1
927 = 5 (1 - ’[(D — Lo/2)2 4+ ,zzji/z )

modified by excited state and triplet state absorp-
tion.

A subdivision into three different cases of excita-
tion lengths according to [4], [10], and [11] is now
straightforward (see Figure 2):

a) Excitation of the total length:

Il + D)= [P — 1], (411)
Ip
RERIRRIRENY
[T s P

"l
e ——e5in

c)
L *
17 (2)
Fig. 2. Pumping geometry for gain probing via ASE, as
discussed in Egs. (4.11), (4.12), and (4.13).
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b) Excitation of the lefthand side active volume:

% e—ﬂLo/Z

Iy*(1) = [ex=PEol2 — 1];

(4.12)

o —

c¢) Excitation of the righthand side active volume:

I+ (2) =

[ex—A Loz _ 1], (4.13)

Under these special conditions the equations for the
unknown quantities o and f can separated and
solved in a closed-form solution:

2 It (1 +2)
«— =L—0n[—12+(1)——1} (4.14)
with
2 I,+(2) -
= _IZ n [‘127(3] . (410)

It is interesting to discuss to some extent the
influence of the geometrical factor g¢o*. For
simplicity let us assume the case « — f=0. Again
neglecting the influence of ASE on N;, we can now
take into consideration the z-dependence of go* as
defined in Equation (2.3). From Equation (4.5)
results:

d
- 12‘*’(21) = gz+ (x) ()] N1 11_1 .

T (4.16)

Integration of this equation for case (a) and (c)
leads to
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Fig. 3. Net-gain (x — ) versus pumping intensity I, for

a transversely excited solution of rhodamine 6 G in ethanol

(concentration Niot = 1018 cm—3).

(a) Closed-form solution according Eq. (4.14) and (4.15)
without ASE,

(b) numerical integration of Eq.(4.1) and (4.2) with
inclusion of ASE.

parison of the pump intensity dependence of
(e — B) for the closed-form solution (Eq. (4.14) and
(4.15)) and a numerical integration of Egs. (4.1)
and (4.2). The following set of parameters has been
chosen for the example of a N-laser pumped
solution of the dye rhodamine 6 G in methanol:

D=1,
Niot = 1018 cm—3 & 1.33 - 103 mol/liter,

I+(1+2) Lo+ [(D — Lg)? + r22]1/2 — (D2 + rp2)1/2 i
L@ Lo+ (D — LoP + ra?l% — (D — Lof2)? + r2]V2 e
For a typical experimental situation with D =20 cm,
Ly =1.6cm, rp = 0.05 cm 59, =0.6-10-16 cm2 = o2,
It (1 4 2)/I5*(2) = 1.920001549 .  (4.17a) e =1.3-10"16 cm? = ¢,
A good approximation may be obtained by develop- k BH= 0,
ing Eq. (4.17) for ro/D < 1 and Lo/D < 1: a1 = 0.5+ 10716 cm? (from Ref. [12]),
It (1 +2) 91 Ly . 3 [r2)\2 71 =4ns.
Is+(2) —ep|'T4\p) | T Curve (a) in Fig. 3 shows that the closed form
(4.18) solution with N;==N;(x) already reveals the
It (1 + 2)/ I+ (2) ~ 1.920001500.  (4.18a) saturation of («—pf) due to saturation of the

Note that from Eq. (4.14) results for « — § =0
Iyt (1 4 2)/I:7(2) =2
upon setting got == gat ().

In order to show the influence of the above
discussed approximations, Fig.3 depicts a com-

transition by the pump intensity Ip,. The result of
additional numerical consideration of lowering of
the inversion by I;* is shown in curve (b) of
Figure 3. In both cases the length L, has been
chosen to Lo=16 mm, D =20 cm (distance of the
detector position) and 2rs =1 mm. The comparison
clearly indicates the important role of ASE in mask-
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ing the small-signal gain. The various saturation
effects due to intense pumping I,, large-signal
input I; and eventually ASE for high gain laser
media are discussed in the subsequent section.

Y. Input-Signal Amplification

In the general case of I;* +0 and 2t ==0 the set
of equations (3.10) for I1*(x, t), (3.12) for I;*(x,t)
and Egs. (3.11b), (3.3), and (3.4) have to be
integrated to determine Ni, Ny, and N;. Finally
Eq. (3.10) yields the ASE-signal Io*(a,t) in the
presence of an external input signal I;* (x=0,1t)
and Eq. (3.12) yields the amplified signal I;+
(x=Lg,t). Again we present numerical computer
solutions under stationary conditions and compare
these results with closed-form solutions for special
assumptions.

a ) Stationary Solution with I;+ and 11+
From Egs. (3.11Db), (3.3), and (3.4) follows:

Niot(ogp Ip + o0, [1 + o0, Ii) 11

N = ’
) = Ut ke nly + [-m
(5.1)
[1=T[0el1+ e I;7 + (1 + kst T4)
(0% I + o3 1)),
d
A If,(x) = + gia(x) D Ny 71t (5.2)

+ I, (2) [06a N1 — Gar Niot]

d 0
g Iﬁ(z) = Iﬁ(o‘a N1 — O'athot) .

= (5.3)

It is convenient to recast Eq. (5.1) for N;(x) into
an easier manageable expression by introduction

W. Heudorfer et al. - Saturation Considerations of Organic Dyes

of appropriate saturation intensities under the
additional assumption:

I, I <L - ‘:)I; I,
IDS: (11 ng) ,
1 S\
It = 0 “P> -1
s (09 Oai Ip> 12 (5.1a)
Toc\ -1
I :(ae 32 ps) —
I
Ntot Ip/IpS
g -
2\1(17)—1 14k Iy I, I~
+ (1 4 kst 71) Tos —5—713 15

This equation clearly shows that the inversion is
lowered by both, the ASE-signal I; normalized to
its saturation signal Iig and the input signal I;*+
normalized to I;5. In addition these saturation
intensities exhibit the contribution of reabsorption
via ¢2; and ¢2; modified by the degree of saturation
of the transition by optical pumping.

b) Stationary Solution with I+ =0 and I;* =

Whereas the problem of gain saturation of a
traveling-wave amplifier at high signal input has
already been discussed in elementary textbooks
[13] for an ideal 4 level laser without reabsorption
and triplet effects, there exists little information
upon the influence of ASE, input signal light and
excited state absorption on the gain of an optical
amplifier. It turns out that ASE is of importance
only for small signal inputs. Its apparent limitations
of the detectivity of small signal amplification
will be discussed with reference to a computer
solution of Eq. (5.1)—(5.3) in Figure 4. As a con-

Fig. 4. Gain @ versus intensity I;; of input
signal for 3 different assumptions:

(a) Ga = If/I;; according Equation (5.12).
Analytical solution without ASE,

(b) Gv = (Lif + I2%)/11; according Egs.
(5.1), (5.2), and (5.3). Complete
numerical solution with ASE.

(¢) Ge = I5/1;; according Eqgs. (5.1), (5.2),
and (5.3). Complete numerical solution
with signal amplification G observed
in the farfield to suppress ASE-
contribution on observed output
power.

Niot = 2+ 1017 em=3, I, = 0.2 - 108 watt/

A S 00 10° 10

T T em2, o2 = 2.3-10"17 cm2. Other laser
parameters have been chosen as in
Section IVb.
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sequence of the nonlinear interaction of the
various amplified signals, ASE can neglected at
high input signals. However, the amplification and
gain saturation behaviour will be essentially
influenced by the coupling of excited state absorp-
tion via reabsoption, an effect not taken into ac-
count in Ref. [14] and [15], dealing with signal injec-
tion into a broadband amplifier. It is obvious that
excited state absorption is of larger importance for
an open amplifier as compared to a cavity laser, since
the inversion N () is no longer fixed to the steady
state value required for the gain balancing the
cavity losses.

For the sake of simplicity we neglect the factor
ksTTy, assuming a quasi-stationary excitation of
duration 7<<kg' and 7> 71. The validity of the
latter condition for a short-pulse Ns-laser excitation
of only 2 ns duration will be discussed in detail in a
subsequent paper [16].

With I;+=0, Eqgs. (5.1) and (5.3) yield:
d je Byta e B 5.4
dxl(x)—la11+a21l (5.4)
with
Cef T1 aap Ip o,
= N 5.5
a [+, tot (5.5)
or with (5.1a)
I/ Ips —
ay — Ot IolTos — o (5.6)
1+ Ip/Ips
(00 + o2) 1
PO 0 e 5.7
=1 Ieiles (.7)
6, 1100
gy = 110, (5.8)

7"—(7 .
oet Ip/Ips — a1

The quantity ag from Eq. (5.8) essentially describes
the influence of excited state absorption (o)),
coupled to I;* via reabsorption (¢;)*. Note that
the closed-form solution of Eq. (5.4) changes its
characteristics, if ag is neglected.

Let us define the amplification by

G = I} (5.9)
and a small-signal amplification
lim G = Gy = exp(ai Lo) (5.10)

Iyt —0

* The modification of the effective fluorescence cross-
sections by excited state absorption is included in e, cf.
Eq. (4.4a).
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with
B = az/aa == (O'e + agl) (O'ef ID/IDS === 021)
(1 + Ip/Ips) 62, 0%
(5.11)
Equation (5.4) can be integrated :
1 —a3GIf || ~U+D
“=4 1—as I . (5.12)
. T

The solution (5.12) contains some limiting cases of
interest, requiring a separate discussion.

o) Small-signal limit (I;{ — 0)
Oet Ip/IpS Gal}

Go=evlo = Niot L
G=Go=ce 9Xp{ o Lo T

(5.13)
In the limit of I, — 0, Eq. (5.13) reduces to Beer’s
Law:

G = Go = exp{— Niot Lo o3;} . (5.14)

The limit I, > Ips yields the upper limit of ampli-
fication:

G — exp {Niot Lo Get} - (5.15)

B) Small-signal limit with I;f > 0
with Ig!= (Go—1)(1 4 B)as (5.16)
= (Go — 1)(az + a3) . (5.16a)

the lowering of the exponential small-signal gain G
can be described by

=Gl = I L) .

Let us discuss the quantitiy Is which determines
the onset of saturation, for the special case of
I,~I,s and 6e>0l;> 0%, a condition fulfilled
for 2>560 nm for rhodamine 6G according to
Reference [12].

(5.17)

. Lo
Iyt = {eXP [Z\’tot? (0e — 00, — Uiz)} = 1} (5.18)
e + 03 a1 Oag
2 e — o=

Equation (5.18) clearly shows the various influences
of reabsorption (¢2;) and excited state absorption
(6%,) of the signal light. A rigorous evaluation of
Eq. (5.18) reveals the interesting effect that Ig
increases with increasing o2, and o};. Hence the
presence of reabsorption and excited state absorp-
tion delays the onset of gain saturation according
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Eq. (5.17) due to an increase of the effective
saturation intensity Is.

In Fig. 4 is shown the dependence of the ampli-
fication G = I;;/I;; versus the input signal I;{ for a
Ni-laser pumped solution of rhodamine 6G in
ethanol. The diagram indicates that an amplifica-
tion of 104 can be obtained for not too large input
signals, provided the signal light overcomes the
ASE noise level. It is also apparent from this figure
that the amount of ASEislowered by an appropriate
external signal input. This signal should comprise
most of the excited active volume in order to avoid
consumption of useful inversion by the adjacent
ASE radiation.

Curve (a) of Fig. 4 depicts the saturation of the
amplification by the increasing input signal I},
using Eq. (5.12) in a closed form solution under
neglection of ASE. Curve (b) shows the complete
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